In this paper, a more general third-order chaotic system with attraction/repulsion function is introduced on the basis of [Duan et al., 2005] . A gallery of chaotic attractors, bifurcation diagrams and Lyapunov exponent spectra are presented to show the interesting phenomena of the given system. Based on the absolute stability theory and linear matrix inequality (LMI), a simple method of chaos control for the system is proposed and a stabilizing controller is derived such that chaos oscillations of the system disappear and all chaotic trajectories of it are led to certain equilibrium. Numerical simulations are provided to illustrate the efficiency of the proposed method.
Introduction
The modeling of swarming behavior [Breder, 1954; Okubo, 1986; Warburton & Lazarus, 1991; Gazi & Passino, 2003 , 2004b has been an active research topic over the past decades since swarming behavior is observed in many biological systems, for examples, flocks of birds, schools of fishes, colonies of bacteria, and it possesses certain advantages like avoiding predators and increasing the chance of finding food. Generally swarming behavior is understood as a result of an interplay between a long range attraction and a short range repulsion between the individuals. A class of attraction/repulsion functions [Gazi & Passino, 2003 , 2004a are developed to characterize swarming behavior. The operational principles from such biological systems are extended to the fields of autonomous multiagent systems [Balch & Arkin, 1998; Egerstedt & Hu, 2001; Ogren et al., 2002; Olfati & Murray, 2002] . It is shown that the dynamical behavior in multiagent systems can become extremely complex, nonlinear oscillation and chaos can often appear [Erwin, 1989; Hogg & Huberman, 1991] due to the existence of imperfect knowledge among different agents. The interactions of variables in simple systems can also lead to complex chaotic phenomena. Therefore, it is interesting to explore the possible chaotic phenomena in swarm models and control chaos if chaos oscillations are unexpected. Duan [Duan et al., 2005] used an attraction/repulsion function to obtain a simple third-order chaotic model, which can be viewed as a simplified and abstracted system of swarm model studied in [Gazi & Passino, 2003] . Some parameter domains are determined for the nonexistence of chaotic attractors in the system by using the dichotomous criterion [Leonov et al., 1996] .
In this paper, on the basis of [Duan et al., 2005] , a more general third-order chaotic system with attraction/repulsion function is introduced. It contains many kinds of systems including the model given in [Duan et al., 2005] , canonical Chua's circuit with the piecewise-linear nonlinearity substituted by the attraction/repulsion function and other more complex systems. Fifteen groups of chaotic attractors together with corresponding bifurcation diagrams and Lyapunov exponent spectra are presented to show the interesting phenomena of this system and emphasize the importance of the attraction/repulsion function. Nevertheless, chaos oscillation in many systems is not expected and should be avoided or eliminated. Motivated by this reason, a simple method of chaos control for the system is proposed by using the results of absolute stability theory. A stabilizing controller is derived in terms of LMI such that chaos oscillations of the system disappear and all chaotic its trajectories are led to certain equilibrium.
The rest of this paper is organized as follows. In Sec. 2, a simple third-order chaotic system is introduced and fifteen groups of chaotic attractors together with corresponding bifurcation diagrams and Lyapunov exponent spectra of the system are presented. The frequency-domain condition for absolute stability of a class of nonlinear systems is turned into LMI and the method of controller design is proposed in Sec. 3. In Sec. 4, based on the results of Sec. 3, a stabilizing controller is derived such that chaos oscillations of the system disappear and all its trajectories are led to certain equilibrium. Numerical simulations are also given to illustrate the effectiveness of the proposed method. In Sec. 5, concluding remarks are given.
The following standard notations are used throughout this paper. The superscripts T and * represent transpose and conjugate transpose, respectively. A > 0 (A ≥ 0) denotes A is a Hermitian and positive definite (positive semi-definite) matrix. A < 0 (A ≤ 0) denotes A is a Hermitian and negative definite (negative semi-definite) matrix.
Chaotic Attractors of Nonlinear Systems with Attraction/ Repulsion Function
Let us consider a third-order nonlinear system with attraction/repulsion function given in [Gazi & Passino, 2003 ]     ẋ
where x 1 , x 2 and x 3 are states, f (y) = −y(a 1 − a 2 exp(−a 3 y 2 )) denotes the attraction/repulsion function, y is a function of x 1 , x 2 and x 3 expressed as y
The attraction/repulsion function with a 1 = −1, a 2 = −20 and a 3 = 5 is shown in Fig. 1 . It should be pointed out that f (y) is consistent with inter-individual attraction and repulsion in biological systems if y represents the distances between the individuals. In this section, the dynamics of (1) is explored by using numerical simulations. It is observed that system (1) can exhibit a wide variety of chaotic phenomena.
Remark 1. The following model was investigated in [Duan et al., 2005]     ż where u and v are parameters, y 1 = 2z 1 − z 2 + 0.3z 3 and f (y 1 ) = y 1 (1 − 20 exp(−5y 2 1 )). Let x 1 = −z 2 , x 2 = z 1 , x 3 = z 3 and y 2 = x 1 + 2x 2 + 0.3x 3 . The system (2) can be rewritten as
It is obvious that (3) is a particular case of (1).
Remark 2. Consider Chua's circuit [Matsumoto, 1984; Chua, 1994; Tsuneda, 2005] , as shown in Fig. 2 .
As is well known, this circuit is described by the following state equations
where v 1 and v 2 are the voltages across the capacitors C 1 and C 2 , i L denotes the current through the inductances L, R 1 and R are linear resistors, RC 2 > 0, the term g(v 1 ) represents the current through the nonlinear resistor N R which is a piecewise-linear function expressed as g(
where g(
It is not difficult to find that Chua's circuit can be considered as a special case of system (1). In fact,
where
One can see that (6) has the same form as (5), which indicates that (6) can be implemented by the circuit shown in Fig. 2 with g(v 1 ) substituted by an attraction/repulsion function.
In order to show the interesting phenomena exhibited in (1) and underline the importance of the attraction/repulsion function, fifteen groups of chaotic attractors together with corresponding bifurcation diagrams and Lyapunov exponent spectra are presented in Figs. 3-17 respectively. The parameter values are given in Table 1 . The bifurcation diagram is derived by fixing all the parameter values except p which denotes the variation of the state x 1 with p. 
Stability Analysis and Control of a Class of Nonlinear Systems
Consider the following systeṁ
where A ∈ R n×n is a constant matrix, b ∈ R n and c ∈ R n are constant vectors. Suppose that ϕ(σ) : R → R is continuously differentiable on R and satisfies the following inequalities
where µ 1 ≤ 0 and µ 2 ≥ µ. The transfer function of linear part from
Lemma 1 [Leonov et al., 1996] . Let (A, b) be controllable and A be Hurwitzian. Suppose that there exist numbers ν and τ ≥ 0 such that
Then (7 ) is absolutely stable.
The following KYP lemma establishes the equivalence between a frequency-domain inequality and a time-domain inequality.
Lemma 2 [Rantzer, 1996] . Given A ∈ R n×n , B ∈ R n×m and symmetric matrix Ω ∈ R (n+m)×(n+m) , with det(iωI − A) = 0 for ω ∈ R and the pair (A, B) is controllable, the following two statements are equivalent
(ii) There exists a matrix P = P T such that
The equivalence for strict inequalities holds even if (A, B) 
Then (7 ) is absolutely stable, where
Proof. Inequality (9) can be rewritten as
Without affecting the result we can eliminate τ ω 2 in (13). Then the obtained frequency-domain inequality can be rewritten as the form of (10) which is equivalent to (12) from Lemma 2. This completes the proof.
Corollary 1. Let (A, b) be controllable and A be Hurwitzian. Suppose that there exist a number ν and a matrix
In what follows, the method of controller design is proposed. The purpose is to find control law u = Kx such that the following closed-loop systeṁ
is absolutely stable, where K ∈ R 1×n and b 1 ∈ R n . Note that (15) can be formulated aṡ
The control matrix K can be derived by using Corollary 1. Replacing A in (14) with A + b 1 K, the following result is obtained. 
Theorem 2. Suppose that there exist a number ν, matrices Q > 0 and Y such that
     QA T + AQ + Y T b T 1 + b 1 Y b+ Qc 2 + νQA T c 2 + νY T b T 1 c 2 b T + c T Q 2 + νc T AQ 2 + νc T b 1 Y 2 c T b − 1 µ      < 0. (17) Then K = Y Q −1 . Furthermore, if (A + b 1 K, b)
Chaos Control for Nonlinear Systems with Attraction/ Repulsion Function
Since chaos oscillations in many systems are unexpected, it is preferred to avoid their appearances. As many generalized Chua's circuits [Suykens et al., 1997] , the third-order system included in this paper can also be represented in Lur'e form. Based on the results of Sec. 3, the stabilizing controller is derived such that the trajectories of the system are led to an expected equilibrium. First consider Fig. 2 with the piecewise-linear nonlinearity g(v 1 ) replaced by the attraction/repulsion function f (v 1 ) = −v 1 (ã 1 −ã 2 exp(−ã 3 v 2 1 )). The state equations are as follows
and N R denote the same meanings as in Fig. 2 .
where f (x 3 ) = −x 3 (a 1 − a 2 exp(−a 3 x 2 3 )), a 1 = Rã 1 = −1, a 2 = Rã 2 = −20 and a 3 =ã 3 = 5. Observe that (19) has the same form as (6) and it can exhibit chaotic phenomena when the parameters are chosen as the values given in Figs. 3 and 4 in Table 1 .
In order to control chaos oscillations, an external signal i u is inserted. Please refer to Fig. 18 . The state equations describing the circuit are as follows Fig. 18 . The circuit implementation of (18) with external signal iu.
By the same transformation as (18), (20) is formulated as     ẋ
where u = i u /C 1 can be considered as a control signal. Rewrite (21) aṡ
Further by simple transformation (22) is turned intȯ Any equilibrium x eq = (x 1eq , x 2eq , x 3eq ) T of (19) satisfies Ax eq + bf (y eq ) = 0, i.e.
where y eq = x 3eq . It follows from (24) that
The equilibria are the points of intersection of the straight line f = −(q/(q + m))x 3eq and the curve f = x 3eq (1 − 20 exp(−5x 2 3eq )), which means that the equilibria satisfy the equation qx 3eq + (q + m)x 3eq (1 − 20 exp(−5x 2 3eq )) = 0. Once the parameter values of the system are known, x 1eq , x 2eq and x 3eq can be solved according to above formulae.
In addition, x eq = (x 1eq , x 2eq , x 3eq ) T also satisfieṡ
The aim of chaos control is to design u = K(x−x eq ) such that the states of the closed-loop system (21) are led to certain equilibrium x eq . Defining e = x − x eq and subtracting (25) from (23), one can obtaiṅ
where η(c T e, x eq ) = g(c T (e+x eq ))−g(c T x eq ) satisfies
From the above presentation, it is shown that the chaos control problem of (19) is transformed into the absolute stability problem of (26), which can be settled by using Theorem 2. Choose a real value of parameter ν and solve (17) in terms of LMI toolbox in MATLAB. If LMI (17) is feasible for variables Y , Q > 0, then the control matrix K = Y Q −1 is followed. Otherwise adjust the value of parameter ν until (17) is feasible. Generally ν is not unique. According to the above process, we can derive the control matrix K for system (21) with the parameter values given in Figs. 3 and 4 in Table 1 . The corresponding equilibria, control matrix K and value of parameter ν are listed in Table 2 . The states of (21) with u = K(x − x eq ) are shown in Figs. 19 and 20, respectively. 
where y = x 1 . In order to control chaos, a controller is added to the state equations. The purpose of chaos control for (27) is also to design a controller u = K(x − x eq ) such that the states of the following equation
are led to certain equilibrium x eq of (27). Equation (28) can be rewritten in the form of (22) with
Further (28) can be expressed in the form of (23) with Using the same method of chaos control for (19), the control matrices K for (28) with the parameter values given in Figs. 5-15 in Table 1 are obtained. The corresponding equilibria of (27), control matrix K and value of parameter ν are listed in Table 2 . The states of (28) with u = K(x − x eq ) are shown in Figs. 21-31 respectively.
It is shown from Figs. 19-31 that the state variables of (1) with the parameter values given in Table 1 can lead to certain equilibrium efficiently by using the proposed method. In addition, the designed controller has simple form.
Remark 5. There are three different equilibria for (1) with the parameter values given in Table 1 . Figures 19-31 present the stabilization of the origin and one nonsingular equilibrium of (19) and (27) . The stabilization of another nonsingular equilibrium can be obtained similarly.
Remark 6. From Table 2 it is seen that K is identical for the stabilization of the origin and nonsingular equilibria of the same system with the same parameter values. The proposed method can also be applied to chaos control for a more general system (1).
Conclusions
In this paper, we introduce a more general chaotic system by combining a linear system with the attraction/repulsion function. Fifteen groups of chaotic attractors together with corresponding bifurcation diagrams and Lyapunov exponent spectra are presented by computer simulations to show the interesting phenomena of the system. It is seen that the attraction/repulsion function plays an important role in the system and may play the same role as the piecewise-linear nonlinearity in Chua's circuit. A simple method of chaos control for the system is proposed by using the results of absolute stability theory. From numerical simulations it is shown that chaotic oscillations of the system are well controlled by using the proposed method.
